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Second-Order Approximate Corrections for QCD Processes
Nikolaos Kidonakis
Kennesaw State University, Physics #1202, Kennesaw, GA 30144, USA
I present generalized formulas for approximate corrections to QCD hard-scattering cross sections through second
order in the perturbative expansion. The approximate results are based on recent two-loop calculations for soft
and collinear emission near threshold and are illustrated by several applications to strong-interaction processes
in hadron colliders.
1. Introduction
Higher-order perturbative QCD corrections are necessary to produce reliable estimates of theoretical cross
sections and reduce theoretical uncertainties for hard-scattering processes. Collinear and soft-gluon corrections
are an important subset of the QCD corrections and they can be significant for many processes, particularly
near partonic threshold. The soft and collinear corrections can be derived from factorization theorems and
resummation formalisms and they require loop calculations in the eikonal approximation. In this proceedings
I discuss resummation, recent calculations of soft anomalous dimensions through two loops for a number of
processes, and I present master formulas for NNLO expansions of the resummed cross section. Collinear and
soft-gluon corrections have been calculated for many processes and I present some explicit applications to top
quark and electroweak boson production.
In Section 2 the resummation formalism is described and expressions for the resummed cross section are
presented, including two-loop expressions for some universal functions in the resummation. In Section 3 we use
the expansion of the resummed cross section to derive master formulas for the approximate NLO and NNLO
corrections. In section 4 we describe in general the calculation of soft anomalous dimensions, and in particular
the massive cusp anomalous dimension. In Section 5 we present results for the soft anomalous dimension
matrices for top-antitop production, in Section 6 for t-channel single top quark production, in Section 7 for
s-channel single top quark production, in Section 8 for the associated production of a top quark with a W
boson (or a charged Higgs), and in Section 9 for electroweak boson (W , Z, γ) production at large transverse
momentum.
2. Higher-order collinear and soft corrections
Soft-gluon corrections arise from incomplete cancellations of infrared divergences between virtual dia-
grams and real diagrams with soft gluons, i.e. low-energy gluons. These soft corrections take the form
[(lnk(s4/M
2))/s4]+ where k ≤ 2n − 1 for the αns corrections, M is a hard scale, and s4 is the kinematical
distance from partonic threshold. The leading logarithms are of double collinear and soft emission origin.
There are also purely collinear terms of the form (1/M2) lnk(s4/M
2).
These corrections can be resummed to all orders in perturbation theory. An essential ingredient in these cal-
culations are the soft anomalous dimensions. At NLL accuracy the resummation requires one-loop calculations
for the soft anomalous dimensions in the eikonal approximation. There are several recent results at NNLL with
two-loop calculations completed.
Approximate NNLO cross sections are derived from the expansion of the resummed cross section. These are
useful because soft-gluon corrections are dominant near threshold and thus the NNLO soft-gluon corrections
are expected to approximate well the complete NNLO corrections for many processes of interest. Also, typically
corrections beyond NNLO are small.
Resummation follows from factorization properties of the cross section, performed in moment space [1]:
σ = (
∏
ψ) HIL SLI (
∏
J) where ψ are distributions for the incoming partons that absorb universal collinear
singularities, H is the hard-scattering matrix (IL are color indices), S is a soft-gluon matrix describing non-
collinear soft-gluon emission, and J are jet functions for the final state. We use renormalization group evolution
(RGE) to evolve the soft-gluon function
(
µ
∂
∂µ
+ β(gs)
∂
∂gs
)
SLI = −(Γ†S)LBSBI − SLA(ΓS)AI
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where β(gs) is the QCD beta function, with g
2
s = 4παs, and ΓS is the soft anomalous dimension [1], a matrix
in color space and a function of kinematical invariants s, t, u.
The resummed cross section follows from RGE and can be written as
σˆres(N) = exp
[∑
i
Ei(Ni)
]
exp

∑
j
E′j(N
′)

 exp
[∑
i
2
∫ √s
µF
dµ
µ
γi/i
(
N˜i, αs(µ)
)]
× tr
{
H
(
αs(
√
s)
)
exp
[∫ √s/N˜ ′
√
s
dµ
µ
Γ†S (αs(µ))
]
S
(
αs
(√
s
N˜ ′
))
exp
[∫ √s/N˜ ′
√
s
dµ
µ
ΓS (αs(µ))
]}
(1)
with N the Melin moment variable.
The collinear and soft radiation from incoming partons is resummed by the first exponential in Eq. (1) with
Ei(Ni) =
∫ 1
0
dz
zNi−1 − 1
1− z
{∫ (1−z)2
1
dλ
λ
Ai (αs(λs)) +Di
[
αs((1− z)2s)
]}
. (2)
Purely collinear terms can be derived by replacing (zN−1 − 1)/(1 − z) in the above equation by −zN−1. In
Eq. (2), Ai has the perturbative expansion Ai = (αs/π)A
(1)
i + (αs/π)
2A
(2)
i + · · · , where A(1)i = Ci [2] with
Ci = CF = (N
2
c − 1)/(2Nc) for a quark or antiquark and Ci = CA = Nc for a gluon, with Nc = 3 the number of
colors, while A
(2)
i = CiK/2 [3] with K = CA (67/18− π2/6)− 5nf/9, where nf is the number of quark flavors.
Also Di = (αs/π)D
(1)
i + (αs/π)
2D
(2)
i + · · · , with D(1)i = 0 in Feynman gauge (D(1)i = −Ci in axial gauge). In
Feynman gauge the two-loop result is (c.f. [4])
D
(2)
i = CiCA
(
−101
54
+
11
6
ζ2 +
7
4
ζ3
)
+ Cinf
(
7
27
− ζ2
3
)
. (3)
Collinear and soft radiation from outgoing massless quarks and gluons is resummed by the second exponential
in Eq. (1) with
E′j(N ′) =
∫ 1
0
dz
zN
′−1 − 1
1− z
{∫ 1−z
(1−z)2
dλ
λ
Aj (αs (λs)) + Bj [αs((1− z)s)] +Dj
[
αs((1− z)2s)
]}
. (4)
Here Bj = (αs/π)B
(1)
j + (αs/π)
2B
(2)
j + · · · with B(1)q = −3CF /4 and B(1)g = −β0/4 [2, 3], where β0 is the
lowest-order β-function, β0 = (11CA − 2nf)/3. Also
B(2)q = C
2
F
(
− 3
32
+
3
4
ζ2 − 3
2
ζ3
)
+ CFCA
(
−1539
864
− 11
12
ζ2 +
3
4
ζ3
)
+ nfCF
(
135
432
+
ζ2
6
)
(5)
B(2)g = C
2
A
(
−1025
432
− 3
4
ζ3
)
+
79
108
CA nf + CF
nf
8
− 5
108
n2f . (6)
The factorization scale, µF , dependence is controlled by the moment-space anomalous dimension γi/i =
−Ai ln N˜i + γi with γi the parton anomalous dimensions [5, 6]. We have
γi = (αs/π)γ
(1)
i + (αs/π)
2γ
(2)
i + · · · (7)
with γ
(1)
q = 3CF /4, γ
(1)
g = β0/4,
γ(2)q = C
2
F
(
3
32
− 3
4
ζ2 +
3
2
ζ3
)
+ CFCA
(
17
96
+
11
12
ζ2 − 3
4
ζ3
)
+ nfCF
(
− 1
48
− ζ2
6
)
, (8)
and
γ(2)g = C
2
A
(
2
3
+
3
4
ζ3
)
− nf
(
CF
8
+
CA
6
)
. (9)
The noncollinear soft gluon emission is controlled by the soft anomalous dimension ΓS . We determine ΓS from
the coefficients of ultraviolet poles in dimensionally regularized eikonal diagrams [1, 7]. The hard H and soft S
matrices as well as ΓS are process-dependent and thus have to be calculated separately for each hard-scattering
process.
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3. NNLO approximate cross sections
The resummed cross section in Eq. (1) can be expanded to any finite order. Here we present master fromulas
for the NLO and NNLO expansions.
We define Dk(s4) ≡
[
(lnk(s4/M
2))/s4
]
+
. Then the NLO approximate corrections are
σˆ(1) = σB
αs(µR)
π
{c3D1(s4) + c2D0(s4) + c1 δ(s4)} + α
dαs+1
s (µ2R)
π
[AcD0(s4) + T c1 δ(s4)] (10)
where σB is the Born term, µR is the renormalization scale, and dαs denotes the power of αs for the leading-order
cross section. Also c3 =
∑
i 2A
(1)
i −
∑
j A
(1)
j and c2 = c
µ
2 + T2, with c
µ
2 = −
∑
iA
(1)
i ln
(
µ2F /M
2
)
and
T2 =
∑
i
[
−2A(1)i ln
(−ti
M2
)
+D
(1)
i −A(1)i ln
(
M2
s
)]
+
∑
j
[
B
(1)
j +D
(1)
j −A(1)j ln
(
M2
s
)]
. (11)
Also
Ac = tr
(
H(0)Γ
(1) †
S S
(0) +H(0)S(0)Γ
(1)
S
)
. (12)
We split the c1 coefficient as c1 = c
µ
1 + T1, with
cµ1 =
∑
i
[
A
(1)
i ln
(−ti
M2
)
− γ(1)i
]
ln
(
µ2F
M2
)
+ dαs
β0
4
ln
(
µ2R
M2
)
(13)
the terms involving the factorization scale µF and renormalization scale µR dependence. On the other hand T1
as well as T c1 are not derivable from resummation but can be extracted from complete NLO calculations.
The NNLO approximate corrections are
σˆ(2) = σB
α2s(µR)
π2

12c23D3(s4) +

3
2
c3c2 − β0
4
c3 +
∑
j
β0
8
A
(1)
j

D2(s4)
+

c3c1 + c22 − ζ2c23 − β02 T2 + β04 c3 ln
(
µ2R
M2
)
+
∑
i
2A
(2)
i −
∑
j
A
(2)
j +
∑
j
β0
4
B
(1)
j

D1(s4)
+
[
c2c1 − ζ2c3c2 + ζ3c23 +
β0
4
c2 ln
(
µ2R
s
)
−
∑
i
β0
2
A
(1)
i ln
2
(−ti
M2
)
+
∑
i
[
(
−2A(2)i +
β0
2
D
(1)
i
)
ln
(−ti
M2
)
+D
(2)
i +
β0
8
A
(1)
i ln
2
(
µ2F
s
)
−A(2)i ln
(
µ2F
s
)
]
+
∑
j
[B
(2)
j +D
(2)
j −
(
A
(2)
j +
β0
4
(B
(1)
j + 2D
(1)
j )
)
ln
(
M2
s
)
+
3β0
8
A
(1)
j ln
2
(
M2
s
)
]

D0(s4)


+
α
dαs+2
s (µR)
π2
{
3
2
c3A
cD2(s4) +
[(
2c2 − β0
2
)
Ac + c3T
c
1 + F
c
]
D1(s4)
+
[(
c1 − ζ2c3 + β0
4
ln
(
µ2R
s
))
Ac + c2T
c
1 + F
c ln
(
M2
s
)
+Gc
]
D0(s4)
}
(14)
where
F c = tr
[
H(0)
(
Γ
(1) †
S
)2
S(0) +H(0)S(0)
(
Γ
(1)
S
)2
+ 2H(0)Γ
(1) †
S S
(0)Γ
(1)
S
]
(15)
and
Gc = tr
[
H(1)Γ
(1) †
S S
(0) +H(1)S(0)Γ
(1)
S +H
(0)Γ
(1) †
S S
(1) +H(0)S(1)Γ
(1)
S
+H(0)Γ
(2) †
S S
(0) +H(0)S(0)Γ
(2)
S
]
. (16)
4 Proceedings of the DPF-2011 Conference, Providence, RI, August 8-13, 2011
In Eq. (14), c3, c2, c1, etc are defined from the NLO expansion. The two-loop universal quantities A
(2), B(2),
D(2) are known and were presented in the previous section. The functions H , S, ΓS are process dependent and
have been calculated for many processes.
4. Soft anomalous dimensions
The two-loop process-dependent soft anomalous dimensions, Γ
(2)
S , have been recently calculated for several
processes. The calculations use the eikonal approximation where the rules for soft gluon emission simplify. For
the emission of a gluon with momentum k off a quark with momentum p the Feynman rules simplify as follows
in the limit k → 0:
u¯(p) (−igsT cF ) γµ
i(p/+ k/+m)
(p+ k)2 −m2 + iǫ → u¯(p) gsT
c
F γ
µ p/+m
2p · k + iǫ = u¯(p) gsT
c
F
vµ
v · k + iǫ
with v a dimensionless vector proportional to the momentum p, and T cF the generators of SU(3) in the funda-
mental representation.
We perform the calculations of eikonal diagrams in momentum space and Feynman gauge. Complete two-loop
results for the soft (cusp) anomalous dimension for e+e− → tt¯ were presented in [7].
(a) (b)
Figure 1: One-loop cusp diagrams.
In Fig. 1 we show the one-loop diagrams for the massive cusp anomalous dimension, with the lines representing
a top and antitop pair in the process e+e− → tt¯. From the UV poles of these diagrams we find the one-loop
result
Γ
(1)
S = CF
[
− (1 + β
2)
2β
ln
(
1− β
1 + β
)
− 1
]
(17)
where β =
√
1− 4m2/s.
(a) (b) (c)
(d) (e) (f)
Figure 2: Two-loop cusp diagrams.
In Fig. 2 we show two-loop cusp diagrams (there are additional ones involving top-quark self energies). From
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the UV poles of these diagrams we find the two-loop result [7]
Γ
(2)
S =
K
2
Γ
(1)
S + CFCA
{
1
2
+
ζ2
2
+
1
2
ln2
(
1− β
1 + β
)
− (1 + β
2)2
8β2
[
ζ3 + ζ2 ln
(
1− β
1 + β
)
+
1
3
ln3
(
1− β
1 + β
)
+ ln
(
1− β
1 + β
)
Li2
(
(1− β)2
(1 + β)2
)
− Li3
(
(1− β)2
(1 + β)2
)]
− (1 + β
2)
4β
[
ζ2 − ζ2 ln
(
1− β
1 + β
)
+ ln2
(
1− β
1 + β
)
− 1
3
ln3
(
1− β
1 + β
)
+ 2 ln
(
1− β
1 + β
)
ln
(
(1 + β)2
4β
)
− Li2
(
(1 − β)2
(1 + β)2
)]}
. (18)
The results in Eqs. (17) and (18) can also be expressed in terms of the cusp angle. Such expressions have
been presented in [7] and are more analytically explicit than earlier results in [8].
More recently results have appeared for tt¯ hadroproduction, t-channel single top production, s-channel single
top production, bg → tW− and bg → tH−, and direct photon, W , and Z production at large pT . The color
structure gets more complicated with more than two colored partons in the process. The cusp anomalous
dimension is an essential component of other calculations.
5. Top-antitop production in hadron colliders
The soft anomalous dimension matrix for qq¯ → tt¯ is a 2× 2 matrix:
ΓS qq¯ =
[
Γqq¯ 11 Γqq¯ 12
Γqq¯ 21 Γqq¯ 22
]
.
Results have been presented in [9] in a singlet-octet color exchange basis through two loops. At one loop
Γ
(1)
qq¯ 11 = −CF [Lβ + 1] Γ(1)qq¯ 21 = 2 ln
(
u1
t1
)
Γ
(1)
qq¯ 12 =
CF
CA
ln
(
u1
t1
)
Γ
(1)
qq¯ 22 = CF
[
4 ln
(
u1
t1
)
− Lβ − 1
]
+
CA
2
[
−3 ln
(
u1
t1
)
+ ln
(
t1u1
sm2
)
+ Lβ
]
where Lβ =
1+β2
2β ln
(
1−β
1+β
)
with β =
√
1− 4m2/s.
We write the two-loop cusp anomalous dimension, Eq. (18), from the previous section as Γ
(2)
S =
K
2 Γ
(1)
S +
CFCAMβ where Mβ denotes the terms in curly brackets in Eq. (18). We use Mβ below in the two-loop matrix
for qq¯ → tt¯. Then at two loops for qq¯ → tt¯ we find [9]
Γ
(2)
qq¯ 11 =
K
2
Γ
(1)
qq¯ 11 + CFCAMβ Γ
(2)
qq¯ 22 =
K
2
Γ
(1)
qq¯ 22 + CA
(
CF − CA
2
)
Mβ
Γ
(2)
qq¯ 21 =
K
2
Γ
(1)
qq¯ 21 + CANβ ln
(
u1
t1
)
Γ
(2)
qq¯ 12 =
K
2
Γ
(1)
qq¯ 12 −
CF
2
Nβ ln
(
u1
t1
)
with Nβ a subset of terms of Mβ ,
Nβ =
1
2
ln2
(
1− β
1 + β
)
− (1 + β
2)
4β
[
ln2
(
1− β
1 + β
)
+ 2 ln
(
1− β
1 + β
)
ln
(
(1 + β)2
4β
)
− Li2
(
(1− β)2
(1 + β)2
)]
. (19)
Corresponding results for the gg → tt¯ channel are given in [9].
6. Single top quark production - t channel
The dominant single top production channel at both Tevatron and LHC energies is the t channel, which at
lowest order involves the partonic processes qb → q′t and q¯b → q¯′t. Here we show some of the elements of the
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one-loop and two-loop [10] soft anomalous dimension matrices that are used in the NNLO expansions. At one
loop
Γ
(1)
S 11 = CF
[
ln
(−t
s
)
+ ln
(
m2t − t
mt
√
s
)
− 1
2
]
Γ
(1)
S 21 = ln
(
u(u−m2t )
s(s−m2t )
)
Γ
(1)
S 12 =
CF
2Nc
Γ
(1)
S 21 .
At two loops we find
Γ
(2)
S 11 =
K
2
Γ
(1)
S 11 + CFCA
(1− ζ3)
4
.
7. Single top quark production - s channel
q¯′
q
t
b¯
q¯′
q
t
b¯
Figure 3: One-loop s-channel diagrams.
The s-channel processes are of the form qq¯′ → b¯t. One-loop eikonal diagrams for s-channel production are
shown in Fig. 3.
Two-loop eikonal diagrams are shown in Figs. 4 and 5.
The 11 elements of the soft anomalous dimension for s-channel single top production at one and two loops
are [11]
Γ
(1)
S 11 = CF
[
ln
(
s−m2t
mt
√
s
)
− 1
2
]
, Γ
(2)
S 11 =
K
2
Γ
(1)
S 11 + CFCA
(1 − ζ3)
4
.
8. Associated production of a top quark with a W− or H−
The associated production of a top quark with a W boson has the second largest cross section among single-
top quark processes at the LHC. The NNLL resummation for this process was derived in [12]. The two-loop
eikonal diagrams that are evaluated in the calculation of the two-loop soft anomalous dimension are shown in
Ref. [12].
The soft anomalous dimension for bg → tW− (or bg → tH−) is at one loop
Γ
(1)
S, tW− = CF
[
ln
(
m2t − t
mt
√
s
)
− 1
2
]
+
CA
2
ln
(
m2t − u
m2t − t
)
and at two loops
Γ
(2)
S, tW− =
K
2
Γ
(1)
S, tW− + CFCA
(1− ζ3)
4
.
9. W , Z, and direct photon production at large pT
Threshold corrections for electroweak boson production dominate the pT distribution at large transverse
momentum. NLL resummation for W production was studied in [13, 14].
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q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
Figure 4: Two-loop s-channel diagrams.
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
q¯′
q
t
b¯
Figure 5: One- and two-loop top-quark self-energy graphs in the s channel.
The two loop soft anomalous dimensions for NNLL resummation can be derived from two-loop diagrams in
the eikonal approximation [15]. For qg → Wq (or qg → Zq or qg → γq) the diagrams are similar to those for
tW production. The results for the soft anomalous dimension at one and two loops [15] are
Γ
(1)
S, qg→Wq = CF ln
(−u
s
)
+
CA
2
ln
(
t
u
)
and
Γ
(2)
S, qg→Wq =
K
2
Γ
(1)
S, qg→Wq .
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For qq¯ →Wg (or qq¯ → Zg or qq¯ → γg) the corresponding one-loop and two-loop expressions are [15]
Γ
(1)
S, qq¯→Wg =
CA
2
ln
(
tu
s2
)
and
Γ
(2)
S, qq¯→Wg =
K
2
Γ
(1)
S, qq¯→Wg .
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